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Phase dependence of relativistic electron dynamics and emission spectra in the superposition
of an ultraintense laser field and a strong uniform magnetic field

Xinkui He, B. Shuai, X. C. Ge, R. X. Li,* and Z. Z. Xu
Laboratory for High Intensity Optics, Shanghai Institute of Optics and Fine Mechanics, Chinese Academy of Sciences,

Shanghai 201800, People’s Republic of China
~Received 13 May 2003; published 21 November 2003!

The phase dependence of the dynamics and emission spectra of a fully relativistic electron in the superpo-
sition of an ultraintense plane wave laser field and a strong uniform magnetic field has been investigated. It is
found that the effect of changing the initial laser phase is quite different for circularly and linearly polarized
laser fields. For circular polarization only the axis of the helical trajectory is changed with variation of the
initial laser field phase. However, for linear polarization, the effect of changing the initial phase is opposite in
the two parameter regions divided by the resonance conditionr 51 ~r stands for the ratio between the reduced
cyclotron frequency and laser frequency!. Whenr ,1, with increase in the initial laser field phaseh0 from 0
to p/2, both the radius of the electron’s helical trajectory and the height of the peak related to the uniform
magnetic field are decreased, and these two physical values are increased with an increase in the laser initial
phase whenr .1. The phase dependence of the electron’s energy and velocity components was also studied.
Some beat structure is found whenh050 and this structure is absent whenh05p/2.
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I. INTRODUCTION

Recent advances in table-top, ultrahigh-intensity las
have led to significant renewed interest in the classic pr
lems of Thomson and Compton scattering. As the laser
tensity increases, various nonlinear phenomena has
found, such as figure-8 orbits@1#, nonlinear Thomson scat
tering@2–5#, harmonic generation@4–6#, self-focusing of the
laser pulse in a plasma channel@7,8#, etc. The main motiva-
tion to study these phenomena is the prospect of produ
table-top particle accelerators and x-ray sources.

Because of the ultrahigh intensity of the laser field and
ultrashort duration of the laser pulse, the phase at which
electron experiences the laser pulse will be important.
instance, electrons created during the ionization of the ga
different phases of the laser pulse have completely diffe
behaviors@9,20,21#. A finite plasma temperature will als
lead to a spread in the initial phase. In interacting w
curved wave fronts, electrons will experience different init
phases at the same axial position. There is much work c
cerning electrons interacting with ultraintense lasers,
relatively little work has been reported on the phase dep
dence of the properties of the interaction. The work of Gu
and Ostriker concerned this problem many years ago@10#. In
a more recent paper@11#, He et al. studied the same problem
again. They found that the electron orbit and the Thom
scattering spectra depend critically on the phase in which
electrons experience the laser electric field. The Thom
spectra no longer occur at integer multiples of the laser
quency.

In this work, we study the interaction of an electron wi
an ultraintense laser field, with an added strong unifo
magnetic field parallel to the laser propagation directi
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This problem is important for the understanding of las
plasma interaction and the related problems of high-ene
electron emission@12–14#, as well as for the interpretation
and understanding of current laser-assisted fusion exp
ments@15#. Recently, Connerade and Keitel investigated t
problem with lower laser intensity (1016 W/cm2) @16#. They
found that, in addition to the usual odd harmonic, there is
even harmonic in the direction of the laser propagation
cause of the broken symmetry. In a more recent paper@17#,
Salamin and Faisal presented an exact analytic solution
the problem. They found that, for observation along the sa
direction as the laser propagation and the magnetic fi
light at the frequency of the laser and another frequencyV0
is scattered, andV0 is dependent on the electron initial ve
locity, the intensity and frequency of the laser, and t
strength of the magnetic field. BecauseV0 would be absent
in the absence of the added uniform magnetic field, Sala
and Faisal called it the magnetic peak. The magnetic pea
important because it represents the difference between
current model and classic Thomson scattering.

In this paper, we investigate the phase dependence o
dynamics and emission spectra of a fully relativistic electr
in the simultaneous presence of an ultraintense plane w
laser field and a strong uniform magnetic field for the fi
time to the best of our knowledge. The results show that
effect of changing the initial laser phase is quite different
the cases of circularly and linearly polarized laser fields. F
circular polarization only the axis of the helical trajectory
changed with variation of the initial laser field phase. Ho
ever, for linear polarization, the effect of changing the init
phase is different in the two parameter regions divided
r 51, wherer stands for the frequency ratio

r 5
vc

v l
A~11b0!/~12b0!, ~1!

Whereb05v0 /c is the initial electron speed normalized b
©2003 The American Physical Society01-1
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c, vc5eBs /mc is the cyclotron frequency of the electro
moving in the magnetic fieldBs , andv l is the frequency of
the laser field. Whenr 51, the electron can gain maximum
energy from the laser field, sor 51 is called the resonanc
condition @19#. Our results also indicate that the magne
peak~the peak related to the uniform magnetic field! is de-
cided by the helical trajectory of the electron’s movemen

The rest of the paper is organized as follows. In Sec. II
formulate the problem. In Sec. III, the numerical results
the electron trajectories, velocity components, and energy
different initial laser field phases are given graphically.
Sec. IV the emission spectra calculated numerically on
basis of the general light-emission cross section expres
are presented and discussed for different initial laser fi
phases. Finally, a summary of our results and conclusion
given in Sec. V.

II. FORMULATION

We consider a relativistic electron with massm and
charge2e, in the simultaneous presence of an intense pl
wave laser field and a strong uniform magnetic field. T
vector potential of the fields can be represented by

A5Al@ îd cosh1 ĵA12d2 sinh#2
Bs

2
~ îy2 ĵx!. ~2!

The first term in Eq.~2! represents a plane wave of arb
trary polarization with field strengthAl , whereh5v l t2k
•r1h0 is the phase of the laser field with frequencyv l , h0
is the initial laser field phase att50, and k is the wave
vector of the laser field, pointing in the positivez direc-
tion. d gives the degree of ellipticity;d51 for linear po-
larization and 1/& for circular polarization. The second term
represents the uniform magnetic field in the same~z! direc-
tion. The electric and magnetic fields can be derived from
equations

E52
1

c

]A

]t
, B5“3A. ~3!

The behavior of the electron in the superposed fields
governed by the relativistic Lorentz equation

dP

dt
52e~E1b3B!, ~4!

and the energy equation

de

dt
52ecb•E, ~5!

wheree5gmc2, P5gmcb, b is the electron velocity nor-
malized byc, the speed of light, andg5(12b2)21/2.

From Eqs.~4! and~5! we can derive the component form
of the motion equation@17#,

d~gbx!

dt
52qdv l~12bz!sinh2vcby , ~6!
05650
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d~gby!

dt
5qA12d2v l~12bz!cosh1vcbx , ~7!

d~gbz!

dt
5qv l@A12d2by cosh2dbx sinh#, ~8!

dg

dt
5qv l@A12d2by cosh2dbx sinh#, ~9!

whereq5eAl /mc2 is the dimensionless intensity paramet
of the laser field.

III. PHASE DEPENDENCE OF THE ELECTRON’S
DYNAMICS

A. Trajectory

Following Salamin and Faisal’s analysis procedure@17#,
we can derive the trajectory equation of the electron in
superposition of the laser field and the uniform magne
field with arbitrary initial laser field phase,

x~h!5
cqr

vc
Fd1rA12d2

12r 2 sinh1
A12d2

r
sinh0G

1a cos~rh!2b sin~rh!, ~10!

y~h!52
cqr

vc
F rd1A12d2

12r 2 cosh1
d

r
cosh0G

1a sin~rh!1b cos~rh!, ~11!
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FIG. 1. Projection of the electron trajectory for different initi
laser field phasesh0 on thexy plane for circular polarization. The
trajectory is plotted over 450 field cycles and the electron is initia
at rest.q53, l50.8mm, and the strength of the uniform magnet
field Bs530 T.
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z~h!5
c

2v l

11b0

12b0
H S j01

2b0

11b0
D ~h2h0!

1j1@sin~2h!2sin~2h0!#

1j2$cos@~11r !h#2cos@~11r !h0#%

2j3$cos@~12r !h#2cos@~12r !h0#%

2j4$sin@~11r !h#2sin@~11r !h0#%

2j5$sin@~12r !h#2sin@~12r !h0#%J , ~12!
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FIG. 2. Projection of the electron trajectory on thexy plane for
linear polarization whenr 50.0316. The trajectory is plotted ove
32 field cycles, with initial speedb050.99. The parameters of th
laser field and uniform magnetic field are the same as in Fig
h05(a) 0, ~b! p/2.4, ~c! p/2.
05650
g5g01
g0

2
~11b0!$j012j1 cos~2h!2j2~11r !

3sin@~11r !h#1j3~12r !sin@~12r !h#

2j4~11r !cos@~11r !h#

2j5~12r !cos@~12r !h#%, ~13!

where

j05
q2~11r 214rdA12d2!

2~12r 2!2 1S vc

c D 2

~a21b2!,

1.
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FIG. 3. Same as Fig. 2, but forr 51.4173, withg05100 or
b050.999 995.h05(a) 0, ~b! p/8, ~c! p/2.
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FIG. 4. Projection of the electron trajectory on thexy plane for
linear polarization whenb050. The trajectory is plotted over 45
field cycles.h05p/2.1. The parameters of the laser field and u
form magnetic field are the same as in Fig. 1.
05650
j15
q2~2d221!

4~12r 2!
,

j25
vc

c

qa~d2A12d2!

~11r !2 , j35
vc

c

qa~d1A12d2!

~12r !2 ,

j45
vc

c

qb~d2A12d2!

~11r !2 , j55
vc

c

qb~d1A12d2!

~12r !2 ,

a5
cq

vc~12r 2!
@~d1rA12d2!cos~h0!sin~rh0!

2~A12d21rd!sin~h0!cos~rh0!#, ~14!

b5
cq

vc~12r 2!
@~d1rA12d2!cos~h0!cos~rh0!

1~A12d21rd!sin~h0!sin~rh0!#. ~15!

From Eqs.~14! and ~15! we know thata and b are con-

-
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laser field. Ifh050, then the constanta will be 0, and only
the constantb remains. This is the case described in@17#

In the case of circular polarization~ellipticity parameter
d51/&), for different initial laser phases, we show the tr
jectory of the electron in Fig. 1. We learned from Salam
and Faisal’s work@17# that the electron will follow a wiggly
helical path whose axis is parallel to common direction ofBs
andk regardless of polarization, so in Fig. 1 we just pres
the projection of the trajectory on the plane perpendicula
the laser propagation. We can see that for different ini
laser phases the axis of the helical trajectory is different.
if there are many electrons, and they enter into the supe
sition field at different times, the diameter of the cross s
tion of the electrons will be twice that of the helical traje
tory; this is a disadvantage to the acceleration of electr
using this model. This result is not hard to understand. T
direction of the electric field of a circularly polarized wav
varies with the phase of the laser, so when the elec
comes into the laser field it will gain different transver
velocity componentsv0t in the electric field direction. How-
ever, from this moment, the electron starts to experience
bending effects ofBs , and the bending is in the direction o
2(e/c)v0t3Bs . So with different initial laser phases the
will be different directions ofv0t and different bending di-
rections, and thus a different helical axis. From this disc
sion we can also conclude that the other physical charac
istics will not change with the initial laser field phase for t
case of circular polarization, so we just discuss the lin
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FIG. 6. Scaled electron energy whose velocity components
given in Fig. 5.h05(a) 0, ~b! p/2.
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polarization case in the remainder of this paper.
In the case of linear polarization, whenr ,1, the projec-

tion of the trajectory on thexy plane is shown in Fig. 2. One
can see that, when the initial laser phase changes from
p/2, the radius of the helical trajectory is decreased, wit
minimum value atp/2. Note that the amplitude of the
wiggles does not change, so it seems that the wiggles
come larger. Whenr .1, the same orbital projection is pre
sented in Fig. 3. It shows that the radius of the helical t
jectory is increased with increase of the laser field ph
from 0 to p/2, and the amplitude of the wiggles is increas
too. We found that in the linear polarization case the heli
axis also changes with the initial laser phase.

In Salamin and Faisal’s recent paper@17#, the wiggles
appeared to be controlled by the initial electron speedb0 and
were absent whenb050. We found that the wiggles als
exist under this condition as shown in Fig. 4. For zero init
laser field phase~the case described in@17#!, the amplitude
of the wiggles is too small to be found compared with t
helical radius, but the wiggles are obvious whenh05p/2.1
because of the decrease of the helical radius. We think
wiggles are produced by the combination of the electric a
magnetic forces2(e/c)b03Bl , which varies periodically.

B. Velocity components and energy

We investigate the phase dependence of the velocity c
ponents and energy of the relativistic electron in this subs
tion. From Eqs.~6!–~9! we can also derive the expressio
for the normalized components of the velocitybx , by , bz :

bx5
q~d1rA12d2!

g~12r 2!
cos~h!2

vc

gc
@a sin~rh!1b cos~rh!#,

~16!

by5
q~A12d21rd!

g~12r 2!
sin~h!1

vc

gc
@a cos~rh!2b sin~rh!#,

~17!

bz512
g0

g
~12b0!. ~18!

In Fig. 5 we show the velocity componentsbx , by , bz as
functions of the laser phase for initial laser field phases 0
p/2. Figure 6 shows the energy as a function of the la
phase with the same parameters. The figures clearly s
that bx , by , andg exhibit beat structures ath050, andbz
also exhibits some periodic structure, but all these structu
are absent whenh05p/2; instead, the curves exhibit osci
lation at almost a uniform amplitude~except forby). We also
found that the maximum value ofbz and the average valu
of g are obviously smaller ath05p/2 than that ath050. It
seems that the electron exchanges less energy with the
field when the initial laser field phase isp/2 than it does
whenh050.

re
1-5
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FIG. 7. Spectrum versus normalized fre
quency v/v l for observation along the lase
propagation direction. The numerical integratio
were carried out over 30 field cycles withq51,
l50.8mm, Bs530 T. ~a!–~c! r 50.4482 and
g05100; ~d!–~f! r 52.2409 andg05500. ~d!
h05(a),(d) 0;~b!,~e! p/4; ~c!,~f! p/2.
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IV. RADIATION SPECTRA

The starting point for calculating the angular and fr
quency distributions of the radiation is the radiation ene
emitted per unit solid angledV and per unit frequency in
terval dv @18#,

d2E~v,V!

dV dv
5

e2

4p2c U E0

T n3@@n2b~ t !#3ḃ~ t !#

@12n•b~ t !#2

3expH ivF t2
n•r ~ t !

c G J dtU2

5
e2

4p2c UFn3n3b~ t !

12n•b~ t !
expH ivF t2

n•r ~ t !

c G J U
0

T

2 ivE
0

T

n3n3b~ t !expH ivF t2
n•r ~ t !

c G J dtU2

.

~19!

whereE denotes the radiated energy,n is the unit vector in
05650
-
y

the direction of propagation of the emitted radiation, andT is
the time interval over which the incident field is nonzero.

In this work the harmonic generation spectrum is calc
lated by using the doubly differential cross section@17#,
given by

d2s~v,V!

dV dv
5

1

T

8pcr0
2

~eqv l !
2

d2E~v,V!

dV dv
, ~20!

wherer 0 is the classical electron radius. The spectrum t
would be observed along the laser propagation directio
shown in Fig. 7. Consistent with Salamin and Faisal’s wo
there are only two peaks in the spectrum, the Thomson p
and the magnetic peak. Whenr ,1, from Figs. 7~a!–7~c!, we
can see that the height of the magnetic peak decreases
increase of the laser field initial phase from 0 top/2. The
contrary result is found in Figs. 7~d!–7~f! when r .1. This
also indicates that the magnetic peak is decided by the h
cal trajectory of the electron’s movement.

In Fig. 8, we show the radiation spectrum that would
observed along the direction of the laser electric field.
1-6
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also find that the peak heights decrease whenh0 is increased
from 0 to p/2 for r ,1, and the heights increase forr .1.
The same result can be found when we observe along
direction of the laser magnetic field~Fig. 9!.

V. SUMMARY

We have investigated the phase dependence of the dyn
ics and emission spectra of a fully relativistic electron in t
superposition of an ultraintense plane wave laser field an
strong uniform magnetic field. We have shown that the eff
of changing the initial laser phase is quite different for t
cases of circularly and linearly polarized laser fields. F
circular polarization only the axis of the helical trajectory
changed with variation of the initial laser field phase. Ho
ever, for linear polarization, the effect of changing the init
phase is different in the two parameter regions divided by
resonance conditionr 51. Whenr ,1, with increase inh0
from 0 to p/2, both the radius of the electron’s helical tr
jectory and the height of the magnetic peak are decrea
ter

uk

er

A

er

05650
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m-

a
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r

-
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and these two physical values are increased whenr .1. The
results indicate that the magnetic peak is decided by the
lical trajectory of the electron’s movement. We also stud
the phase dependence of the electron’s energy and velo
components and found that they show some beat struc
when h050 and this structure is absent whenh05p/2.
From all these phenomena, we may conclude that, for
,1, the energy exchange between the laser field and
relativistic electron is decreased when the initial laser fi
phase changes from 0 top/2, and the result is the contrar
when r .1.
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